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Abstract

For independent random variables following the Power Lomax distribution in the two-
dimensional case: If two independent sets of Power Lomax samples share the same scale
parameter, and the matrix formed by their shape parametersaandfsatisfies a specific
chain majorization order, the lifetimes of series systems can be compared under the
hazard rate order. Under the same conditions, the lifetimes of parallel systems can be
compared under the reverse hazard rate order. These results imply that, under specific
constraints, we can systematically evaluate the lifetime properties of different system
architectures.
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1. Introduction

The Lomax distribution is a widely utilized probability distribution first proposed by Lomax[1] for
modeling business failure data. Rady, Hassanein, et al. [2] proposed and studied a three-parameter
continuous distribution, namely the Power Lomax distribution, which was applied to the analysis of
remission times for bladder cancer data. As an important generalization of the Lomax distribution,
the Power Lomax distribution adjusts the parent distribution’s properties via an additional shape
parameter, thereby enabling more accurate characterization of diverse types of data. While several
authors have investigated the fundamental properties of order statistics from Power Lomax random
variables, including their distribution and density functions, relatively little attention has been devoted
to the stochastic comparison of such order statistics under different stochastic orders. Addressing this
research gap, the present study focuses on investigating the stochastic comparison of order statistics
from the Power Lomax distribution under various stochastic orderings.

The definition of the Power Lomax distribution is given below.
If the distribution function of a random variable X is

ﬂ -
x
FX(X):I{HTJ , x>0, a,5,2>0, (1)
Equivalently, the pdf'is
aﬂ . xﬂ —a-1
fX(x)=7x 1+7 , x>0, a,, 250, ()
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a,p,A >0 are constants, then X is said to follow the Power Lomax distribution with parameters
a,B,2 . aand B are called shape parameters, and A is called the scale parameter, denoted as

X ~PL(X;a,p,2).

Addressing this research gap, the present study focuses on the stochastic comparisons of order
statistics from the Power Lomax distribution under the hazard rate order and reversed hazard rate

order.
Definition 1.1

Let Y and Y be two random variables. If 7, (¢)>7,(¢) holds for all ¢< R, then the random variable
X is said to be smaller thanY in the hazard rate order, denoted as ¥ >, X . The hazard rate function

of a random variable X is defined as:

_ P(t<X<t+M|X>1)
ry (¢) = lim v 3)
For an absolutely continuous random variable X', its hazard rate function can be expressed as:
/(1)
ro\t)== . 4
v (2) 1) 4)

Definition 1.2
Let X andY denote two random variables. If 7, (¢)<7 (¢) holds for all te R, then the random

variable X is said to be smaller than?Y in the hazard rate order, denoted as ¥ >, X . The hazard
rate function of a random variable X is defined as:

()= hmP(z—At<X§z|X§t).
At—0 At

7y ()

Suppose X is an absolutely continuous random variable, its hazard rate function can be expressed as:

7 (1) :%. (6)

Lemma 1.3[3] Before presenting the lemma, we first provide the definitions of the sets involved in it.
Let

P ={M(x,y;n):x,. >0,y >O,(x,.—xj)(y,.—yj)SO,i,jzl,...,n},

~
INA
<o
~.
Il
-
S
——

0, ={M (x.yin)ix 21y, >0,(x —x,) (3 -y,

and
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R, z{M(x,y;n):xl. >Ly, 20,(xl.—xj)(yi—yj)ZO,i,jzl,...,n}.

Let @:R% — R*be a differentiable function, and let ¢, : R3™ — R¥be a function. Define the
function:

n

(I)n(A):ng(ali’aZi) 5
i=1
then for any A€ B,0,,R,,B=AT,,® (A4)>®,(B), where T, is a permutation matrix of 7. When

n=2,@,satisfies Lemma 1.3.

2. Comparisons under Hazard Rate and Reversed Hazard Rate Orders

2.1 Comparisons under HRO
2.1.1 Theorem 1

Let X, X;be independent random variables following PL(X;¢r,, B,,4) , and let Y], ¥ be another set
of independent random variables following PL(K ;ai*,,é’l.*,/l) . When the values of X and X, are

a o
sufficiently large, if the matrix( 1 zj satisfiessay <o, , B, = Boor B < f3,, oy >, then:
1 2

a a * *
( ! ZJ > (al* aij = X122 Shr Yl:Z
B b BB

First, from Equation (1)-(4), the hazard rate function of X}, is given by

2.1.2 Proof of Theorem 1

2 pi—1
— aiIBixil
er:Z (x) ;(ﬂ,l-i-xlﬂ’)’

Taking the partial derivative of the hazard rate function with respect to ¢, , we obtain

(s h)_ gt

oa. A+ xl.ﬁ"

1

=f(a.p),

where

Flap)=22_, r(0)=0.

b
A+x?
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Then, taking the second derivative of f (a, p ) with respect to g, we obtain

O f (. f) 222 Inx+ A7 Bx" (Inx) +2Ax " Inx-Apx*" (Inx)"  A(x)

op’ (A+x) B(x)’

where

A(x)=222%"" Inx+ 22 Bx" (Inx)’ + 246 Inx— Apx*™ (Inx)’,

B(x)z(/1+xﬂ)3,
Taking the limit of B (x) , we have

lim B(x)=+0>0,

X—>00

Transforming A4(x) and taking the limit, we get

, 222 Inx+ 22 px" ™ (Inx)” + 246 Inx
lim > =1lim 5 -1
o 2 By (ln x) ¥ Apx*P (ln x)

=limC(x)-1,

X—0

where

222 Inx+ A2 px" ! (Inx)” +22x7 Inx
ALXF! (ln x)2 ’

C(x)

Taking the limit of C(x) , we obtain

limC(x):lim 24 +iﬁ+ﬁﬁl =
X

5 0.
X—>0 X—>0 ﬂx ]nx X

Since limA4x*™ (In x)2 =+00, it follows that

X—>0

lim A(x) = lim(C (x) ~1)( 8% (Inx)" ) = =0 <0,

X—>0 X—>0
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0 f (e B)

Therefore, hmT <0, which means /() is a concave function as x — +o.
X—>0

In summary, f (a, p ) is monotonically increasing with respect to g .

Next, taking the partial derivative of the hazard rate function 7, (x,a, p ) with respect to 0., we

obtain

o, (x,a,ﬂ) _ a(AxX" "+ X+ Anx- BxP

=h(a,p),
B F (.5)
Differentiating /(a, ), we have
2
) A A CYI
X—00 0 X—0 aﬂ
ah Bi-1 25-1 LA Sl

lim (0!, ):/bc +x7 "+ Alnx- B -x -0,
X—0 oa /’t+xﬂi

which implies that h(a,ﬂ ) is monotonically increasing with respect to « and monotonically

decreasing with respect to g .

Finally, define the function (0(05, p ) as

o(a.p)=(a, —az)[arxkz (vaf) o, (x,a,ﬁ)j

oa, oa,

o, (vanf) or (v
+( —ﬁz){ (5;“ 0% (;ﬂa ﬁ)j

=(a,— ) f (. 8)~ f (0. ) |+(B = ) (. B) —h (. B) ]
wheno, <o, , B 2ot f<f,, o=, ,wehave

f(a1>ﬂ1)>f(azaﬂ2) h(alaﬂl)<h(aza:81)<h(azaﬂz)(f(alaﬂl)<f(azaﬂz))
(h(e,B,)>h(a,. B)>h(ay, 3,)), hencep(a, B) < 0.

In summary, by Lemma 2.12, we have

B R nenntes

:>)(1:2 Shr YI:2 .
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Therefore, Theorem 1 is proved.

2.2 Comparisons Under RHRO
2.2.1 Theorem 2

Let X, X, be independent random variables following PL(X,;¢,,/3,,2), and letY,, ¥, be another
set of independent random variables following PL(YZ. a, ,Hi*,/i). When the values of X and X)are

a o
sufficiently small, if the matrix( 1 zj satisfies o, <a,, B2, or B<p,, o, =0, then:
1 2

a, a, a  a,
> =X,,<,%,.
(ﬂl ﬂzj (ﬂl* ﬂzj 2:2 h 22
2.2.2 Proof of Theorem 2

First, from Equation (1)-(2),(5)-(6), the reverse hazard rate function of X,., is given by

N 2 a fx’!
er:z (x) — z 1ﬂ1x1

i=1 (& _,_xiﬁ‘)[{l-{-)fja‘ _1}.

Taking the partial derivative of the reverse hazard rate function with respect to &, ,we obtain

a77)(2:2 (x’a’ﬂ)_ af(az” i)
a—al__f(a” [)+a[a—ai
_ e ]
. a, 1+ | |1+
_ ﬂixﬂ” - A A
AN A
(/1+xﬂ") 1+ -1 1+ | -1
A | A |
=w(a,f3),
where
Bi-1
f(al_, i): Bix;

Next, taking the partial derivative of w( e, /) Z(X, —X)* with respect to & we obtain

i=1
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a; N3
ailn(1+xﬂlJH1+xﬂlj —[1+xﬂlj }
8w(a,ﬂ)_ BxP! ‘ A A A 0
oa (/1+xﬂ") ( A )
I+— | -1
5]

which implies that w(a, p ) is monotonically decreasing with respect to «r .

2

Taking the partial derivative of w(a, p ) with respect to g, we obtain

ow(a,p) B /?»(xﬁf1 +Bx" ' In x)+ XA e o
B (A+x0Y (e —1)

2a-1 a-1

Inx- g (—t =) Int+ (2 +ar’ )In* t—at™ " +at

(2+x") (= -1)

>0,

s
where = (1 + %} . Therefore w(a, p ) is monotonically increasing with respect to g .

Next, taking the partial derivative of the reverse hazard rate

2 Bi-1
};Xu ( x) _ a,px,

i- A
X)) 1T+ -
(4 )Kl ’; ] 1]

5, a a B «
- axzﬂ"_l[l+xj +aﬂxﬂ’"l(l+x’3’) +aﬂix2ﬂ’_IIHX(l+xj
0Fx, (x) A A A

i (xﬂ" +/1)2 ((Hx:ja —1]

A"
af Ax" 1“(”3} — A" —ax g x Inx

(xﬂ"+/1) [ 1+— -1

aBAx"nx—a’B A5 llnx[u’;j

(x” +/1) [ 1+7 1}

m(a, ),

with respect to 3. we obtain

+

+
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A(x)~B(x)

We perform appropriate algebraic transformations on its numerator: m (a, B ) = C ( ) )
x

where

AN A\ A
A(x):axzﬂf‘l(H%J +a/1x'5"‘1[1+x7J +0!,3,.X2’5"_1h1x(1+x7J

5

B X i 2 q-1.28-1 x i
+affAx" Inx 1+7 —a A x" Inx 1+7 ,

B(x)=adx’ " +ax " +afx” " Inx+aB Ax" " Inx

=a (/1+x )(1+,B ]nx)

C(x)=(x" +2) Mu%ﬂ‘jg 1}2,

Differentiating m (a, yij ) partially with respect to &, we obtain

om(a, ) _ D(x)(E(x)+F(x)+G(x)+H(x))
oa I(x)

2

where

E(x):(l+§ja( +2)(Binx+1) [(““‘(”%} J

—afpiA” 1xﬁln){ocln 1+— +2J]

F(x)—(/1+xﬁ)(1+/31nx)H1+7] —1}

Vi 2a ,
) :2(”%} (A5 nx—ax’ +ad +apx’ 1HX+aﬁ/11nx)ln(1+x7],

H(x)= 2a(/1+xﬂ)(1+,81nx)(1+§}a ln(l+§j,

1(x)=(x"+2) ((H%} 1}3,
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First, rearrange E :

E(x)=(1+%T(xﬂ+/1)(ﬁlnx+l)-L(x),

where

L(x) :(ahl[H%jH}—aﬂleﬁ 1nx£ah(1+x—:j+2j .

Since

lim flnx+1— -0, lim(-Alnx)—> +o,

x—0" x—0*
PZAN
lim(xﬁ+l) 1+=—| -1/|>0,
x—>0" A

Therefore, we obtain lim D(x)>0, lim F(x)<0, lim G(x)<0, lim H(x)<0.

x—0" x—0" x—0" x—0"

ﬁ a

From limx”' >0 and lim (x* +2)’ Hux—] —1} >0, we get lim D(x)>0.
x—0" x—0" A x—>0"

Since lim L(x) >0, it follows that Om (x,a,ﬂ) = D(x)(E(x)+F(x)+G(x)+H(x))

<0, which
x—0" 56! [(X)

means m (a, p ) is monotonically decreasing with respect to «.
Next, aking the partial derivative of m (a, p ) partially with respect to g, we have

om(a, ) T(x)(Q(x)+R(x)+S(x))

opB N(x) ’

where
T(x) =x’'Inx,
yi)

O(x) :(1+X7j [azﬁxw Inx+2Ax" +3aix”

+2ax” (57 + 2)-42(x" +/1)—2/12ﬁ1nx] ,
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B 2a
R(x):(n%j [24(x" +2)+ 2 Binx+aBx” Inx
“Ax? =3aix” - 2ax” (xﬁ +/1)J ,

S(x)=24(x"+ )+ A Inx—Ax",

N(x)=(x" +ﬂ)[(1+§jd 1}3 :

Rearranging O(x), we obtain

where

N(x)=@Bx* nx+22x" +302x" 2ax” (x/ + 1) =44 (x” + 1)~ 24’ BInx
=ax” +500x" + o B’ Inx 24" -2 Inx—44* =n(x)-o(x)

2

_ 28 yij 2 .28
n(x)=2ax* +5alx” + o’ Bx lnx,and

o(x)=22x" + 282 Inx + 44>
) _a? 51020 apme_o ot
o(x) 22 24+ +ipinx 24 y(x)
¢(x)=5/1+2xﬁ+aﬂxﬂlnx, l//(x)zzﬂ"'xﬁ-i-/lﬁlnx,

then

#(x) :1+3/1+xﬂ +Bnx(ax’ - 1)
v (x) v ()

Asx — 0%, we have

lim Blnx - -0, limax”-1<0, limy(x)<0,

x—0" x—0" x—0"

which leads to the following results:
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0< lim¢—x<1,
x—>0+l// X

n(x)-ao(x
lim O (x)

x—>0+

—
~—

omn
~—

0

b

/\ N—
o A

Next, we rearrange R (x)

where

then

where

hence

whenx — 0

B 2a
R(x):(n%j [22(x" +2)+ 2 Binx+aBx” Inx

—Ax" =3aix’ —2ax” (xﬂ +l)
DA+ 2x" + 2 finx+a’ fx*F Inx—Sadx” —2ax*”
=w(x)=v(x),

pu(x)=22+x" + ’Blnx+a’ fx*’ Inx,

v(x)=5ax" +2ax’”,

QAP+ AP + AP BInx+a’ fx*’ Inx 3

1 1
v(x) ;. 5Ax" +2x%7 E'Z(x)’

P(x)=22+2x" + 2’ Blnx+a’ Bx*’ Inx,
Z(x) =51x" +2x*7

P(x)-Z(x)=A(24+ABInx—4x" )+ x (o’ flnx-2),

lim P(x)—Z(x) <0.

x>0+
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So

Furthermore, as x —» 0",

thus lim S(x) <0.

x—0*

In summary, we obtain

And

Therefore, we have

which implies that m(x, a, ,B) 1s monotonically increasing with respect to g .

DOI: 10.6919/ICJE.202603_12(3).0036

A(x)
v(x)

lim F'(x)=lim x(x)-v(x)<0.

x—0" x—0"

lim § (x) = lim 24(x” + A)+ BA* Inx - Ax”

x—0" x—0"

D+ x" + AP Inx ——0,

lim 7'(x) = lim x”” Inx <0, lim N (x)

x—0" x—0" x—0*

a 3
= lim (xﬂm)[(uﬁj —1} >0
x—0" A

lim Q(x)<0, lim R(x)<0, lim S(x)<0,

x—0" x—0" x—0"

8m(x, a, ) T(x)-(Q(x) +R(x)+S(x))

= >0

op N(x) ’

Finally, define the function ¢(c,f)as

ol )= -a)| L0 2

al/:rzrz (x’a’ﬁ) arxz (x’a’ﬁ)j

(04

1 2

- Celied) 2
:(051 —Q, )I:W(apﬂl ) _W(azaﬂz)]
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+(181 _ﬂz)[m(alaﬂl)_m(azaﬂz)] )
when, <a,, B = for S <f,,a =, , we have

W(a’l,ﬁl)>W(a27ﬂ2)(w(al’lgl)< W(aZ’ﬂZ))

and

m(al,ﬂ1)<m(a2,,82)<m(a2,,6’2)(m(al,,b’l)>m(a2,,b’l) >m(“zaﬁz))a

hence p(a, 8)<0.

In summary, by Lemma 1.3, we obtain the following conclusion,

(ZI ij>> (ZI: ZEJ:FXM (x,a,ﬂ)ﬁ I"X;:2 (X,a,ﬂ)

:>X < Y2:2'

22 —rh

Therefore, Theorem 2 is proved.

3. Summary

For independent two-dimensional random variables following the Power Lomax distribution, the
process of comparing system lifetimes is structured as follows: first, ensure two independent sets of
samples share the same scale parameter; second, verify that the matrix composed of shape parameters
a andf satisfies a specific chain majorization order; based on these prerequisites, conduct targeted
comparisons-for series systems, adopt the hazard rate order as the evaluation criterion, while for
parallel systems, use the reverse hazard rate order; finally, through this systematic framework,
achieve quantitative assessment of the lifetime properties of different system architectures under
specific constraints.
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